Abstract-In this paper we present a vehicle steering assistance to avoid lane departure during driver inattention. A switching control strategy and a linear state feedback control have been developed to this end. Lyapunov and LMI methods have been used to optimize the control, confining its transient response during the assistance activation.
I. INTRODUCTION
Steering assistance systems based on lateral control help the driver keep the vehicle in the lane [1] . In spite of some practical realizations open questions remain. One question regards the level of assistance intrusion that the driver can accept or adapt to [2] . A second question concerns the stability issues caused by the interaction assistance-drivervehicle, especially in closed loop control.
These questions have been answered differently in the last years. Two possibilities have been mainly investigated: the development of a steering angle control without driver consideration [3] , [4] , [5] and the implementation of a steering torque control added to the driver torque [6] , [7] , [8] .
[6] has proposed a lane-keeping assistance with steering torque input designed on the basis of H 2 control theory, where the driver steering torque has been approximated using a linear model driven by white noise. In [7] the H ∞ approach has been used to assure robustness despite the uncertainties coming from the vehicle model, from lateral wind or from driver dynamics. This time, a linear driver model with a dead time element has been used. A LQ control with a similar driver model has been developed in [8] .
In this paper we have developed a lateral control strategy that maintains the vehicle on the road during the driver inattention periods. The automated assistance activates only if the driver is not alert and if, at the same time, the vehicle goes towards a dangerous situation. During its action, the assistance brings the vehicle to the center of the lane. The assistance remains cooperative and deactivates if the driver shows his intention to drive but only if the vehicle is out of danger.
Unlike other studies we haven't used any driver model in our approach, we have only assumed that, if the driver is alert, he keeps the vehicle near the center of the lane in a normal driving zone. The driver has been considered This work was supported by the IP PReVENT project (SAFELANE subproject alert if his steering torque is above a threshold. We have thus designed a switched system that uses the driver torque as decision variable for the assistance activation. The goal here is twofold: to propose a switching strategy between assistance and driver and to choose optimally the control in order to minimize the transient response amplitude.
In the next section we introduce the vehicle model with the steering column. Our requirements concerning the assistance are synthesized in Section III. Section IV contains the mathematical framework of the switched system. The optimal choice for the assistance torque is presented in Section V. We consider in Section VI a driver model to simulate the results and we wrap up the paper in Section VII with the conclusions.
II. VEHICLE MODEL WITH ELECTRICALLY POWERED

STEERING
As the study concerns the lateral control of a vehicle, the classical fourth order linear model ("bicycle model") is used [9] under the assumption of a straight road (which is realistic for highways). The state vector is
and contains the following components: the vehicle side slip angle (β ), the yaw rate (r), the relative yaw angle (ψ L ) and the lateral offset (y L ) from the centerline, taken at a lookahead distance l S . The state space model is the following:
where δ f is the steering angle of the front wheels and
T S denotes the front wheels aligning torque. The quantities in matrices A v , B v , C v and D v are given by The values of the above parameters are described in Table  IV , in the Appendix. The steering assistance is provided by a DC motor mounted on the steering column. The model of the steering column has the following inputs: the driver torque T d , the assistance torque T a and the front wheels aligning torque T S . Its state space model (5) is given by:
The values of the parameters B S , I S and R S are given in Table  IV , in the Appendix. Putting together the two models, (1) and (5), we obtain the model of the vehicle with electrical steering assistance (6) .
is the new state vector. The system (6) has two inputs: the driver torque T d and the assistance torque T a . We consider the output to be the whole state vector z = x.
Remark It can be easily shown that the model (6) is controllable except for a longitudinal speed v equal to zero. Having two poles at the origin the system is not stable.
III. REQUIREMENTS CONCERNING THE ASSISTANCE
SYSTEM
We discuss in this section the qualitative control goals related to our assistance system. We will see in sections IV and V how to fit them into a mathematical framework and how to obtain the corresponding control.
The main goal of the assistance developed in this paper is to avoid the lane departure in case the driver loses attention during normal driving. We consider "normal driving" a lane keeping maneuver. Mathematically, this could be defined using bounds for the state variables:
Thus, for a "normal driving" situation, the state vector x is supposed to be in a hypercube PY N that we will call "normal driving zone".
The assistance shall switch on if the driver is not alert and if, at the same time, he is heading to a dangerous situation, defined as lane departure. We used here the driver torque as the variable that indicates if the driver is alert.
During its action, the assistance shall bring the vehicle to the center of the lane getting a parallel orientation with the lane.
The assistance shall remain cooperative and shall not replace the driver. This means that, once activated, the automatic control has to be removed whenever the driver shows the intention to take control of the vehicle, but for safety reasons only under the condition of vehicle in a "normal driving" situation.
Another requirement concerns the transient response. During its action, the assistance shall not bring the vehicle too far from the "normal driving zone" and not at all outside a "security zone" (for example outside the road). The "security zone" can be described in the same way as the "normal driving zone":
We associate to the "security zone" as above a hypercube 1 PY M .
IV. SWITCHED SYSTEM
A. Continuous and discrete dynamics
The fact that the steering assistance is activated only in particular situations can be modelled as two distinct time continuous systems. One system (7), denoted by Σ 1 , describes the vehicle controlled by the human driver:
The other system (8), denoted by Σ 2 , models the vehicle lateral motion under automatic steering assistance, eventually influenced by the inattentive driver:
At any time the model of the vehicle corresponds to exactly one of the above descriptions. The transitions between (7) and (8) are considered instantaneous and depend on the driver attention and on the danger of lane departure. Thus, a discrete time dynamics completes the continuous dynamics of the system (6).
B. Switching conditions
The switching conditions between Σ 1 and Σ 2 denoted here by T 12 r and T 21 r ( Fig. 1) have to satisfy the control requirements described in Section III.
The transition T 12 r takes place if the driver is not alert and if, at the same time, there is a risk to leave the lane. For the measure of driver attention the readers are refered to the concept of driver monitoring e.g. [10] , [11] . For this paper we suppose that only the driver torque is available to detect the driver attention level. However, the analysis presented here remains valid for any detection method, for example a pressure sensor in the steering wheel. We do further the assumption that the driver is not alert if the driver torque is under a threshold α:
The danger to leave the lane is taken into account using the "normal driving zone" PY N . So, if for example the steering angle δ f , the relative yaw angle ψ L and the lateral offset y L indicate a departure of the "normal driving zone" 2 , then the driver's lack of attention is considered as dangerous. The crossing of the maximum lateral offset of the "normal driving zone" PY N is also considered dangerous. Otherwise, if the vehicle remains on a good trajectory despite the driver's lack of attention, there is no reason to activate the assistance control. Thus the transition T 12 r takes place when:
The transition T 21 r takes place when the driver shows his intention to drive and when, at the same time, the vehicle is in the "normal driving zone" PY N . As above, the driver attention is detected using the driver torque: for |T d | ≥ α the driver is supposed to be alert. The assistance could bring the vehicle during its action out of the "normal driving" situation. In this case for safety and stability reasons the driver must not have access to the vehicle control. Thus the transition T 21 r occurs when:
C. Mathematical formalism
An appropriate mathematical way to approach this type of system with continuous and discrete dynamics is the switched systems theory [12] , [13] . The switched system that corresponds to our system described above is formalized in the collection H = (Σ, X, f , Init, D, E, G, R) (Fig. 1) where
• Σ is a finite set of discrete variables that contains the states:
• X is a finite set of continuous variables:
• Vector fields f : Σ × X → T X reproduce the continuous dynamics for every discrete state:
• The set of the initial states is Init and it is included in the set of normal driving situations,
this switched system it is unknown because of the unpredictability of the driver torque.
• The set of edges E contains the transitions between the two discrete states E = {T 12
• The guard condition G : E → P(X) does not depend only on the state space X but also on the driver attention (decision variable T d ).
• The reset function R : E ×X → P(X) conserves the value x after each transition:
D. Particularities of the switched system
In this section we have a look at some particular features of the switched system defined above. The system Σ 1 has an unpredictable input, the driver torque T d . It has two poles at the origin and the input is a non vanishing perturbation |T d | ≥ α. Thus we cannot conclude mathematically even ultimate boundedness for the origin. However, we will suppose here that, if the driver is alert, he keeps the vehicle in the "normal driving zone" PY N . Then the driver torque, by assumption, keeps the state x in the bounded zone PY N .
The system Σ 2 is controlled by the automatic steering assistance T a and by the driver T d . In this case, under the assumption that the driver torque T d is measurable, we can choose the automatic assistance torque T a to stabilize Σ 2 .
V. OPTIMAL CHOICE OF A TORQUE CONTROL
A. Assistance design
In this paper we have chosen for simplicity a linear feedback control with a compensation of the driver torque that stabilizes asymptotically the system Σ 2 : T a = −Kx − T d to the state space origin. Thus, Σ 2 becomesẋ = (A − BK)x.
To completely specify the linear control we have to choose an appropriate feedback vector K such that the vehicle satisfies the condition of no lane departure during the regulation process. For this purpose we have to design a Lyapunov function V (x) = x T Px for the system Σ 2 . V (x) is a Lyapunov function for Σ 2 if P is a symmetric, positive definite matrix that satisfies the inequality (A − BK) T P + P(A − BK) < 0. For an initial state x 0 , the Lyapunov function guarantees that the trajectories of Σ 2 will stay in the region V = V (x 0 ). A controller that has a corresponding Lyapunov function whose level curve
is proven to hold the vehicle in the "security zone" PY M for all initial states of the "normal driving zone" PY N (see Fig. 2 ).
In order to find an appropriate feedback K and an advantageous Lyapunov function V (x) = x T Px for the closed loop system Σ 2 , we have proceeded as follows:
Step 1: We have fixed feedback vector K by fixing the poles of the system Σ 2 such that the maximum value of the assistance torque for this K in the "normal driving zone" PY N is acceptable.
Step 2: We have computed the smallest volume ellipsoid ε opt = {x|x T P opt x ≤ 1} that contains the hypercube PY N (see Fig. 2 ). This is a convex problem, subject to LMI constraints [14] , known under the name of "Minimum volume ellipsoid containing given points". If the hypercube is defined by the convex hull of its vertices x 1 , x 2 , ..., x 64 in R 6 , i.e. PY N = Co{x 1 , x 2 ,. ..,x 64 }, we can write this problem as
where the ellipsoid has been written as the pre-image of a unit bull through an affine transformation ε opt = {x| Rx ≤ 1}, under the assumption R = R T > 0. This optimization problem has been solved by [15] , who offers also a software implementation.
Step 2': We initially searched an appropriate feedback vector K in order to satisfy the condition (A − BK) T P opt + P opt (A − BK) < 0 and thus to have the Lyapunov function V opt (x) = x T P opt x for Σ 2 . This problem is unfeasible. The matrix P opt is as expected a symmetric matrix. The problem to find for the system Σ 2 a feedback vector K and a Lyapunov function V (x) = x T Px with P a symmetric matrix can be converted to a LMI feasibility problem, found unfeasible.
Step 3: Since there is no control K for P opt and to remain as close as possible to PY N , we have further computed the Lyapunov function V (x) = x T Px for the system Σ 2 whose matrix P is the nearest from the matrix P opt . In other words we have looked for a Lyapunov function whose invariant sets ε = {x|x T Px ≤ 1} remain the closest possible to the invariants sets of ε opt (Fig. 2) . Thus we minimize the time period when the driver has no access to vehicle control because the system is out of the "driving normal zone" PY N .
The search of the Lyapunov function V (x) = x T Px has been implemented as a minimization problem of a linear cost function subject to LMI constraints. To improve numerical results we preferred to search the matrix Q = P −1 that is also symmetric and positive definite in order to approximate the matrix Q opt = P −1 opt . First we have defined the matrix H = Q opt − Q and then we have minimized the sum of quadratic differences
solving the following LMI problem:
which is equivalent to
where U j = (0 ...1 ...0) T , j = 1,...,6, are vectors with the dimension 6 × 1 and the 1s are on the row j. The equation (14) has been obtained from the equation (13) using the Schur complements [14] . The matrix variables are the scalar γ and the symmetric but not necessarily positive definite matrix H.
Step 4: With the Lyapunov function V (x) = x T Px resulted from the optimization in Step 3 we tested if the ellipsoid ε = {x|x T Px ≤ 1} includes the hypercube PY N , that means all its vertices x i ∈ ε, i = 1,...,64. Because this was not the case we have increased the level of the Lyapunov function V (x) = x T Px by replacing P with P * = (max i=1,...,64 (V (x i )) −1 · P, so that all vertices x i are contained in the new ellipsoid ε * : x i ∈ ε * = {x|x T P * x ≤ 1} (i = 1,...,64) (see Fig. 2 ).
Step 5: For the increased level of V (x) we have tested if the invariant sets V (x) = x T P * x are included in the hypercube PY M for all x ∈ PY N . This is equivalent to testing if the ellipsoid ε * is included in PY M .
Step 6: We have also verified that the maximum assistance torque T a = |Kx| + α, which is necessary to control the vehicle in the largest invariant set ε * , doesn't exceed the DC motor maximum torque output.
With the above algorithm we have the guarantee that the chosen assistance torque brings the vehicle back in the "normal driving zone" PY N as fast as possible without leaving the "security zone" PY M during his action. 
B. Stability of the switched system
There are many theorems to design and to prove the stability of switched systems [16] , [12] . If the switching signal is a design variable then both switching signal and feedback control can be used to stabilize the switched system. In our case the switching signal depends on the driver torque, which is a non controllable input. Therefore the theorems that use the switching signal to stabilize the system cannot be applied. Other theorems deal only with appropriate feedback control laws to stabilize the switched system for any possible switching signal. According to these theorems, the eventual stability or at least ultimate boundedness of our switched system has to be valid for all possible switching sequences. In particular these properties have to remain valid for the switching sequence that maintains active all the time the system Σ 1 controlled by the driver. But, as we mentioned above, the system Σ 1 is characterized by a non-stable system matrix A and is governed by a nonvanishing perturbation |T d | ≥ α. Thus neither the stability nor the ultimate boundedness can be mathematically proven.
Nevertheless, with the assumption that the driver stays in the "normal driving" zone we can prove the boundedness of the states [17] .
VI. SIMULATION RESULTS WITH A DRIVER MODEL
A. Driver model
To illustrate the described steering assistance we used computer simulations with a driver model for lane keeping maneuver [18] (Fig. 3) . We emphasize that this driver model has only the function to help to simulate the developed steering assistance, since the theoretical framework remains valid for any arbitrary driver torque. All the parameters are given in Table IV in the Appendix and are only valid for restricted vehicle and driver configurations. The hypercube PY N is an abstraction of the volume that contains the state vector during "normal driving". We are aware that not all the states in the hypercube PY N could represent an initial state for our system. For example the regions where the yaw rate and the steering angle of the front wheels have different signs are impossible to reach for a "normal driving" situation. Nevertheless we have considered that the "normal driving zone" is a hypercube since we haven't assumed any knowledge about the driver torque and implicitly about the vehicle trajectories in Σ 1 .
The limits of the hypercube PY N are obtained partly analytically by assuming a lateral acceleration of γ N = 0.3m/s 2 and partly by recording data from an equipped vehicle [17] . All the values are given in Table I . To check the obtained values we have calculated the Time to Line Crossing (TLC) [19] having as initial states the vertices of PY N and we have obtained values between 1.81s and 3s. In order to chose the bounds of the "security zone" PY M , we have considered a lateral acceleration γ = 5m/s 2 and a longitudinal velocity v = 20m/s and we have calculated maximum values for the yaw rate r and the steering angle of the front wheels δ f . The maximum lateral offset has been calculated assuming the vehicle is parallel to the lane and touching the border of the lane. By using simulations with the driver model we have found maximum values for the relative yaw angle, for the vehicle side slip angle and for the derivative of the steering angle. All the values that define the hypercube PY M are given in Table II. After the optimization steps described in Section V-A we have obtained the matrix P * . In the next step we have computed the projections of the ellipsoid ε * on the six axes
] to compare them with the "normal driving zone" PY N and with the "security zone" PY M . The results are given in Table III . The ellipsoid ε * is included in the "security zone" PY M . Only the maximum lateral offset and the maximum derivative of the steering angle are near their security values.
We have further introduced the following scenario: the assistance torque activates in case the inattentive driver (T d = 0) who will leave the zone PY N crossing the lateral offset limit y N L . The transition conditions have been simplified to T
The driver relaxes the steering wheel control at t = 1s for 3s (Fig. 4) . The activation of the steering assistance torque takes place at t = 3.4s when the lateral offset y L becomes larger than 0.20m. The steering assistance torque is removed at t = 5.9s after having brought the vehicle back to PY N . During the assistance process the vehicle control torque commutes between the driver and assistance torque 4 like in Fig. 5 . 
VII. CONCLUSIONS AND FUTURE WORKS
In this paper we have presented a new control strategy for lane departure avoidance. Based on a linear vehicle model for a straight road we have developed an automatic steering assistance that activates during the driver inattention periods in case of danger of lane departure and brings the vehicle back to the center of the lane. For the switched system we have designed a control strategy that not only ensures keeping the vehicle within the lane but also guarantees nondangerous bounds for all model variables. For this end we have used an optimized state feedback control chosen in such a way that the Lyapunov function of the closed-loop system has invariant sets close to the "normal driving zone" PY N . To find this Lyapunov function LMI methods have been used. The developed control has been tested with a driver model for a simplified switching strategy.
In the future we could consider the "normal driving zone" PY N as an invariant set. In this case, further control strategies for polyhedral invariant sets are to be studied [20] . 
APPENDIX
